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Introduction
The Ribes-Zalesskiȋ-Theorem [13] states that the product H 1 · · · H n of any finitely generated subgroups H 1 , . . . , H n of a free group F is closed in the profinite topology of F . The original motivation for this theorem came from a paper by Pin and Reutenauer [12] : the theorem provided a nice algorithm to compute the closure (with respect to the profinite topology) of a rational subset of a free group and implied the truth of the Rhodes type II conjecture, then a long standing conjecture in the theory of finite monoids. Since then, the product theorem has become a subject of independent interest. It has been generalized in various directions: on the one hand to other groups [7, 20] , on the other hand to other topologies of F . Ribes and Zalesskiȋ themselves originally proved the theorem for the pro-C-topology of F for any extension closed variety C of finite groups (in the sense that the product H 1 · · · H n is closed with respect to the pro-C-topology of F for pro-C-closed H 1 , . . . , H n ). This was generalized by Steinberg and the author [4] to so-called arboreous varieties, a class of varieties which is much larger than the class of all extension closed varieties. In that paper, tight connections between the pro-C-topology of a free group and the geometry of the Cayley graphs of the free pro-C-groups were established. The purpose of the present paper is twofold. On the one hand, it is aimed at extending the mentioned results of [4] from varieties to formations. This includes to expand the method found in [4] to construct profinite groups with treelike Cayley graphs. On the other hand, a new direct approach, based on covering graphs, to the entire topic is presented. The proofs in [4] use an interpretation of the subject within varieties of finite inverse monoids and their relatively free profinite objects. Meanwhile it is the author's opinion that this approach obstructs the direct view and mystifies the immediate connection between the pro-F-topology of F and the geometry of Γ( F F ). In contrast to [4] , the present proofs are direct and purely geometric, without the use of (relatively free, profinite) inverse monoids; this should raise the accessibility of the results to readers not familiar with inverse monoids.
The paper is organized as follows. Section 2 collects all results about graphs, finitely generated subgroups of free groups and profinite graphs that will be used in the paper. Section 3.1 studies two geometric properties the Cayley graph of a free pro-F-group for a formation F might have: that of being Hall and that of being tree-like. It is then shown that these geometric properties are equivalent to separability properties induced on a free group by its pro-F-topology; in section 3.2 we establish the Ribes-Zalesskiȋ-Theorem for the pro-F-topology of a free group where F is any formation whose free profinite objects have tree-like Cayley graphs. Finally, in section 4 we define, for a finite, A-generated group G and a finite simple group S, the A-universal S-extension of G and show how this concept can be used to construct profinite groups with tree-like Cayley graphs and to guarantee that for certain formations F the free pro-F-groups have tree-like Cayley graphs; such formations will be called arboreous.
Graphs, subgroups of free groups, and profinite graphs
We follow the Serre convention [17] and define a graph Γ to consist of a set V (Γ) of vertices and disjoint sets E(Γ) of positively oriented (or positive) edges and E −1 (Γ) of negatively oriented (or negative) edges together with incidence functions ι, τ : E(Γ) ∪ E(Γ) −1 → V (Γ) selecting the initial, respectively, terminal vertex of an edge e and mutually inverse bijections (both written: e → e −1 ) between E(Γ) and E −1 (Γ) such that ιe −1 = τ e for all edges e (whence τ e −1 = ιe, as well). We set E(Γ) = E(Γ) ∪ E −1 (Γ) and call it the edge set of Γ. Given this definition of a graph the notions of subgraph (spanned by a set of edges), direct product of graphs, morphism of graphs and projective limit of graphs have the obvious meanings. Edges are to be thought of geometrically: when one draws an oriented graph, one draws only the edge e and thinks of e −1 as being the same edge, but traversed in the reverse direction.
A path p in a graph Γ is a finite sequence p = e 1 . . . e n of consecutive edges, that is τ e i = ιe i+1 for all i; we define ιp = ιe 1 to be the initial vertex of p and τ p = τ e n to be the terminal vertex of p. A path is reduced if it does not contain a segment of the form ee −1 for any edge e. We also consider an empty path at each vertex. A path p = e 1 . . . e n is a circuit at base point v if v = ιp = τ p. A graph is connected if any two vertices can be joined by a path. A connected graph is a tree if it does not contain a non-empty reduced circuit.
Throughout, A shall denote a finite alphabet, that is, a finite set of symbols called letters, usually |A| ≥ 2; we use A −1 to denote a disjoint copy of A consisting of formal inverses a −1 of the letters a of A, and set A = A ∪ A −1 . An A-labelled graph is a graph together with a labelling function ℓ : E → A such that ℓ(e) ∈ A and ℓ(e −1 ) = ℓ(e) −1 for each positive edge e. A morphism of labelled graphs is assumed to respect the labelling. Given a path p = e 1 . . . e n in a labelled graph, the label ℓ(p) of that path is just ℓ(e 1 ) · · · ℓ(e n ).
If V (Γ), E(Γ) and E(Γ) −1 are topological spaces, E(Γ) is the topological sum of E(Γ) and E −1 (Γ), and ι, τ and ( ) −1 (in both directions) are continuous, then Γ is called a topological graph. A profinite graph is a topological graph Γ which is a projective limit of finite, discrete graphs. It is well known [21, 15] that Γ is profinite if and only if V (Γ) and E(Γ) are both compact, totally disconnected Hausdorff spaces. Morphisms between profinite graphs are always assumed to be continuous. Subgraphs of profinite graphs are understood in the category of profinite graphs: they must be closed as topological spaces. Moreover, a connected profinite graph is one all of whose finite continuous quotients are connected as abstract graphs (such are termed "profinitely connected" in [1, 2] ). For more informations about profinite graphs the reader is referred to [1, 2, 15] and [4, Section 2] .
The profinite graphs of primary interest are subgraphs of Cayley graphs of profinite groups where a profinite group is a compact, totally disconnected group, or, equivalently, a projective limit of finite groups. We refer the reader to [16] for basic definitions on profinite and relatively free profinite groups.
Let A be an alphabet, G be a group and ϕ : A → G be a map. Then the Cayley graph of G with respect to (A, ϕ), or, if the mapping ϕ is clear, the Cayley graph of G with respect to A, denoted by Γ A (G), has vertex set G, edge set G × A, incidence functions given by ι(g, a) = g, τ (g, a) = g(aϕ) and involution (g, a) −1 = (g(aϕ), a −1 ). We call a ∈ A the label of (g, a).
The edge (g, a) is usually drawn and thought of as
. Throughout this paper we consider A-generated groups G for a fixed alphabet A and the mapping ϕ : A → G is never mentioned; this means that G is generated by Aϕ and A is then treated like a subset of G though distinct elements of A are a priori not necessarily distinct elements of G. In this case, Γ A (G) is always denoted Γ(G) and is connected. A morphism from the A-generated group G to the A-generated group H is always a morphism extending the mapping a → a and hence is uniquely determined and surjective and is called the canonical morphism G ։ H. Given a canonical morphism of finite Agenerated groups ϕ : G ։ H we have a canonical morphism Γ(G) ։ Γ(H) of finite A-labelled graphs which maps each vertex g to gϕ and each edge (g, a) to (gϕ, a) and which will always be denoted by the same letter ϕ. Suppose that {(G i , ϕ ij ) | i, j ∈ I} is an inverse system of finite A-generated groups; then automatically {(Γ(G i ), ϕ ij ) | i, j ∈ I} is an inverse system of finite A-labelled graphs. Let G = lim ← −i∈I G i ; then the Cayley graph of G is lim ← −i∈I Γ(G i ) which is a profinite graph having vertex set G and edge set G × A where the topology of the latter is just the product topology with A considered to be discrete. Since A is a fixed finite set we need to consider only countable inverse systems {(G n , ϕ nm ) | n, m ∈ N, m ≤ n} where the linking morphism ϕ nm are not always explicitly mentioned. We note that the Cayley graph of an A-generated profinite group G (which means that the abstract subgroup A of G generated by A is dense in G) is connected as a profinite graph. Throughout, F stands for the free group with basis A, its elements are represented as words in the alphabet A. It is well known that finitely generated subgroups H of F can be encoded in terms of finite, labelled, pointed graphs [10, 11, 18] . Let A be a finite A-labelled graph; A is folded if for every letter a ∈ A and every vertex v there exists at most one edge e starting or ending at v and having label a. In a folded graph, the letters from A induce partial injective mappings on the vertex set, and for every vertex v and every word w in the letters of A there there is at most one path starting at v and having label w. From now on we assume all graphs to be folded. Suppose that A has a distinguished vertex b (the base point) and let L(A , b) be the set of all elements w ∈ F (w given as a reduced word in A) such that w labels a closed path at b in A . Then L(A , b) is a finitely generated subgroup of F .
A graph A with base point b is reduced if no vertex except perhaps b has degree 1 (where the degree of a vertex v is the number of positive edges e for which ιe = v or τ e = v). For every finitely generated subgroup H of F then there is up to isomorphism exactly one finite, connected, A-labelled, a ∈ A; the edge set then can be identified with H\F × A. Let the core graph core(Σ(F, H, A), H) of Σ(F, H, A) with respect to the base point H be the subgraph of Σ(F, H, A) spanned by edges which are contained in a reduced closed path at vertex H. Then core(Σ(F, H, A), H) is isomorphic to H and will be the called the core graph of H. For a more constructive method to find H the reader is referred to [10, 11, 18] . In any case, the core graph of H = L(A , b), A finite, can be obtained from A by removing finitely may vertices and edges from A until the outcome is reduced.
Next let F be a formation of finite groups; the pro-F-topology of F has as neighborhood basis of 1 the collection of all normal subgroups N of F for which F/N ∈ F. The profinite group F F := lim ← −F/N∈F F/N is the free pro-F-group generated by A; the abstract subgroup of F F generated by A coincides with F if and only if F is residually F, that is, if and only if F/N ∈F N = {1}. Given an A-generated group G ∈ F and w ∈ F it is often convenient to denote the image of w under the canonical morphism F ։ G by [w] G (which means the value of w in G); similarly, given γ ∈ F F , the image of γ under the canonical morphism
A finite A-labelled graph A is complete if the degree of every vertex is 2|A|. That is, every letter a ∈ A induces a permutation of the set of vertices of A . The group generated by these permutations is the transition group T A of A which is an A-generated group. A finitely generated subgroup H of F is F-extendible [11] if the core graph H of H can be embedded into a finite complete graph H whose transition group T H belongs to F. A key result from [11] is Propositon 2.7: it states that every pro-F-closed finitely generated subgroup H of F is F-extendible -the result is formulated and proved for varieties of finite groups but the proof goes through verbally for the more general case of formations.
Suppose that the complete graph A with distinguished vertex b is connected; then there exists a unique graph morphism ϕ A : Γ(T A ) ։ A for which 1ϕ A = b which we call the canonical morphism Γ(T A ) ։ A . Indeed, it is well known and easy to see that the mapping g → b · g induces a graph morphism Γ(T A ) ։ A and A is isomorphic to the Schreier graph Σ(T A , H, A) where H is the stabilizer of b in T A . If G is another A-generated group such that ϕ : G ։ T A then ϕϕ A : Γ(G) ։ A is the canonical morphism Γ(G) ։ A . Next let A be an A-labelled graph with base point b and A be a completion of A (that is, A is a subgraph of the complete graph A ). We have the canonical mapping ϕ A : Γ(T A ) ։ A . Now, the inverse image of A under ϕ A in Γ(T A ) is a subgraph of Γ(T A ), not necessarily connected. But we let A T A be the connected component containing 1 of this inverse image. More generally, let G be A-generated with canonical morphism ϕ : G ։ T A ; then we define A G to be the connected component containing 1 of the inverse image of A under the canonical map ϕϕ A : Γ(G) ։ A . Then A G is a connected subgraph of Γ(G) and it is the subgraph of Γ(G) spanned by all edges that are contained in a path starting at 1 and having label w, say, for which there exists a path in A starting at b and having label w. The latter could be also taken as definition of the graph A G ; it actually makes sense for every A-generated group, but the existence of a morphism A G ։ A is not guaranteed in the general case. However, if there is a completion A of A and G ։ T A then we do have a canonical graph morphism A G ։ A mapping 1 to b. For every h ∈ L(A , b) the element [h] G is also mapped to b by this morphism. Moreover, as a subgraph of Γ(G) the graph A G may be shifted by left multiplication by an element g ∈ G to obtain gA G . Then there is a canonical graph morphism gA G ։ A which maps g to b. Similarly, for every h ∈ L(A , b), the element g[h] G is mapped to b under this morphism.
If we are given an inverse system of A-generated groups
then we get an inverse system of A-labelled graphs
where in the latter sequence the mappings ϕ A and ϕ i have to be understood as the appropriate restrictions to the graphs A T A and A G i . Altogether, every inverse system of finite groups as in (2.1) leads to an inverse system of finite graphs as in (2.2) and for G = lim ← − G n we set A G := lim ← − A Gn which is a connected subgraph of the profinite Cayley graph Γ(G). Assume that the abstract subgroup of G generated by A is F . Similarly as for the finite case, we have now a canonical morphism A G ։ A which maps every element of the closure L(A , b) of L(A , b) in G to the base point b. In addition, for every γ ∈ G there is a canonical graph morphism γA G ։ A which maps γL(A , b) to b. As mentioned earlier, the graphs A G i and A G may be defined without referring to a completion A of A . The profinite graph A F F can be viewed as pro-F-universal covering graph of A . In any case, A F F admits a canonical graph morphism A F F ։ A if and only if A admits a completion A whose transition group T A is in F. The 'only if' direction of that claim -which will not be used in the paper -can be seen as follows. Let T be a spanning tree of A with distinguished vertex b A , the base point of A . Since there is a graph morphism A F F ։ A mapping 1 to b A , A F F contains a subtree T ′ with distinguished vertex 1 which is mapped isomorphically to T by the canonical morphism A F F ։ A . Then there exists a finite quotient G of F F with canonical morphism ϕ : Γ( F F ) ։ Γ(G) for which ϕ| T ′ is one-to-one. In other words, the canonical morphism
The Schreier graph Σ(G, H, A) =: Σ then is a complete graph which contains A as subgraph. The transition group T Σ is a quotient of G, namely T Σ ∼ = G/H G where H G is the core of H in G.
Profinite topology and geometry of graphs
For a certain class of formations F of finite groups we establish tight connections between the pro-F-topology of a finitely generated free group F and the geometry of the Cayley graph Γ( F F ) of its pro-F-completion F F . This is an extension to formations of the results formulated and proved for varieties in [4, Section 5] . While the proofs of [4] would carry over to the case of formations more or less easily, it is our explicit intention to present new proofs which avoid relatively free profinite inverse monoids and instead use the above mentioned concept of (profinite) covering graphs.
3.1. Being Hall and being arboreous. A formation F is Hall if for every alphabet A (with |A| ≥ 2) every finitely generated, F-extendible subgroup H of F is pro-F-closed in F . In view of the result of [11] mentioned in section 2 we also may say that being Hall means that being F-extendible and being pro-F-closed are equivalent for any finitely generated subgroup H of F for every alphabet A. This is the straightforward generalization to formations of a notion originally introduced for varieties [19] . Exactly as in that special case, the property of being Hall of a formation can be expressed in terms of the geometry of the Cayley graphs of free pro-F-groups. In order to formulate this we introduce a property of profinite graphs: a profinite graph Γ enjoys the Hall property if, whenever a connected subgraph ∆ of Γ contains the two vertices ιe and τ e of an edge e then ∆ contains e itself. It follows that such a graph cannot contain reduced finite non-empty circuits; that is, every finite connected subgraph is a tree. In particular, for any two vertices u and v which are connected by a finite path there exists a smallest (in terms of containment) connected subgraph containing u and v which usually will be denoted [u, v] and which is the geodesic between u and v. As it has been pointed out in [4] , the property of being Hall of a profinite graph Γ then is equivalent to saying that every finite connected subgraph of Γ is a tree and whenever a connected subgraph ∆ of Γ contains two vertices u and v which are connected by a finite path then ∆ also contains the geodesic [u, v] . Indeed, assume that Γ is Hall and let ∆ be a connected subgraph which contains two vertices u and v which are connected by a finite path. If some edge e of [u, v] were not contained in ∆ then ∆ ∪ ([u, v] \ {e}) would be a connected subgraph of Γ containing the vertices ιe, τ e, but not e itself, leading to a contradiction. The condition which we formulate in the next theorem is the exact analogue of the one formulated for varieties in [4] , the 'only if'-part of its proof is essentially the same. Proof. Let ∆ ⊆ Γ( F F ) be a connected subgraph containing the endpoints of some edge e but not e itself. We need to find an F-extendible group H which is not pro-F-closed. Since Γ( F F ) is vertex transitive, we may assume
e a for some a ∈ A. Consider a finite quotient G of
Denote by ϕ n the canonical morphisms F F ։ G n . Then, in Γ(G n ) the graph ∆ n := ∆ϕ n is a connected subgraph containing 1 and a, but not the edge e a ϕ n . Now, for each n ∈ N choose a word w n ∈ F which labels a path in ∆ n starting at 1 and ending at a. Note that w n also labels a path in ∆ 0 from 1 to a. Since, for every
Gn it follows that lim n→∞ w n = a in F F and therefore also in F with respect to the pro-F-topology. Let H = L(∆ 0 , 1); since the core graph of H is a subgraph of ∆ 0 and therefore of Γ(G 0 ), H is F-extendible. By construction, w n w
∈ H for every n and lim w n w
0 does not label a closed path at 1 in ∆ 0 . Consequently, H is not closed for the pro-F-topology.
Let conversely H ≤ F be finitely generated, F-extendible with core graph H . Let (w n ) n∈N be a sequence of elements of H with lim w n = w ∈ F with respect to the pro-F-topology of F . We need to show that w ∈ H provided that Γ( F F ) has the Hall property. Since H is F-extendible there is a canonical morphism H F F ։ H . Since w n ∈ H F F for all n, also w ∈ H F F . So, H F F contains 1 and w and therefore also the geodesic [1, w] . By the canonical map H F F ։ H , the geodesic path 1 → w in H F F is mapped to a closed path at b H with label w which means that w ∈ H.
Next we consider a strengthening of the former property, this time motivated from the side of the geometry of the Cayley graph of F F . An obvious strengthening of the property of being Hall is that any two vertices u and v which are contained in a connected subgraph should be contained in a smallest (with respect to containment) connected subgraph. Equivalently, for any two given vertices contained in a connected subgraph, the intersection of all such connected subgraphs is again connected. A connected profinite graph with this property has been called tree-like in [4] ; pro-ptrees and similarly defined graphs in the sense of [13, 14, 15] do have this property but there are many tree-like (Cayley) graphs which are not of this form (including some new examples which can be constructed by the method presented in section 4). We are going to show that this geometric property of the Cayley graph is equivalent to a strengthened condition on the pro-F-topology of a free group F : namely that the product HK of any two F-extendible subgroups H and K of F is pro-F-closed. Throughout, for vertices α, β of a tree-like graph Γ we shall denote by [α, β] the unique smallest connected subgraph of Γ containing α and β -the geodesic subgraph determined by α and β. Proposition 3.2. Suppose that Γ( F F ) is tree-like; then the product HK of any two F-extendible finitely generated subgroups H and K of F is closed in the pro-F-topology of F .
Proof. Let (w n ) be a sequence in HK such that lim w n = w ∈ F ; we need to prove that w ∈ HK. Each w n admits a representation w n = h n k n with h n ∈ H and k n ∈ K (equality holds in F , so the word h n k n need not be reduced). We may assume (by going to a subsequence) that the sequences (h n ) and (k n ) converge in F F : there exist η, κ ∈ F F such that η = lim h n and κ = lim k n . Then ηκ = w and we may assume that η = 1 = w. Let H and K , respectively, be the core graphs of H and K. By construction, H F F contains 1 and all vertices h n and hence also η = lim h n . Likewise, K F F contains 1 and κ. Consequently, H F F ∪ ηK F F contains 1 and w = ηκ. By the Hall property, H F F ∪ ηK F F contains the geodesic [1, w] . Since 1 ∈ H F F and w ∈ ηK F F , some vertex, say v, of the geodesic [ 
where H and K are completions of H and K , respectively, with transition groups in F. Then we have
Choose a path p : vϕ → ηϕ which runs entirely inside [v, η]ϕ and suppose its label is s. Then the word vs labels a path 1 → ηϕ running inside H G . Since the projection H F F ։ H maps both 1 and η to the base point b H of H so does the projection H G ։ H : 1 and ηϕ are both mapped to the base point b H . It follows that vs ∈ H. By an analogous reasoning: s −1 u labels a path ηϕ → wϕ running inside (ηϕ)K G . The canonical projection (ηϕ)K G ։ K maps both ηϕ and wϕ to the base point b K of K . Altogether, s −1 u ∈ K and thus w = vs · s −1 u ∈ HK, as required.
Next we are going to prove the converse of Proposition 3.2. We start with a definition which will be also used in Section 4. Let Γ be a (pro)finite graph with distinguished vertex 1; a constellation in Γ is a triple (Ξ, γ, Θ) where (1) γ is a vertex of Γ, Ξ and Θ are connected subgraphs of Γ,
the connected Ξ ∩ Θ-components of 1 and γ are distinct. A constellation of an A-generated group then is a constellation of its Cayley graph. It is clear that the Cayley graph Γ(G) of an A-generated pro-finite group G is tree-like if and only if it does not admit a constellation.
Let G 0 և G 1 և G 2 և · · · be an inverse system of A-generated finite groups with G = lim ← − G n with canonical projections G ϕn → G n . Suppose that Γ(G) admits a constellation (Ξ, γ, Θ). Then there exists a positive integer m such that (Ξϕ m , γϕ m , Θϕ m ) is a constellation in Γ(G m ) (since the two Ξ∩Θ-components of 1 and γ may be separated by clopen subgraphs). Moreover, for every n ≥ m, denoting by ϕ nm the canonical morphism G n → G m then (Ξϕ n , γϕ n , Θϕ n ) is a constellation in Γ(G n ) and (Ξϕ m , γϕ m , Θϕ m ) = (Ξϕ n ϕ nm , γϕ n ϕ nm , Θϕ n ϕ nm ). Proposition 3.3. If Γ( F F ) is not tree-like then there exist finitely generated F-extendible subgroups H and K of F for which the product HK is not pro-
Proof. Take a constellation (Ξ, γ, Θ) in Γ( F F ) and a finite quotient G of F F with morphism ϕ : F F ։ G such that (Ξϕ, γϕ, Θϕ) is a constellation in Γ(G). Set G 0 := G and take an inverse system G 0 և G 1 և G 2 և · · · of Agenerated groups with F F = lim ← − G n . Denote by ϕ m the canonical morphism
Choose two words u, v ∈ F such that u labels a path 1 → γϕ 0 which runs entirely in Ξϕ 0 and v labels a path γϕ 0 → 1 which runs entirely in Θϕ
We are left with showing that uv / ∈ HK. Suppose, by contrast, that there are h ∈ H, k ∈ K such that uv = hk (equality holding in F ). Then
and h −1 u and therefore also its reduced form red(h −1 u) labels a path 1 → γϕ 0 in Γ(G 0 ) running entirely in Ξϕ 0 ; likewise, kv −1 and therefore also red(kv −1 ) labels a path 1 → γϕ 0 in Γ(G 0 ) running entirely in Θϕ 0 . However, red(h −1 u) and red(kv −1 ) are identical as words and so must label the same path 1 → γϕ 0 in Γ(G 0 ). This contradicts the fact that there is no path 1 → γϕ 0 in Γ(G 0 ) running entirely in Ξϕ 0 ∩ Θϕ 0 .
As a consequence we may summarize:
Theorem 3.4. The free pro-F-group F F has tree-like Cayley graph if and only if for any two finitely generated F-extendible subgroups H and K of F the product HK is pro-F-closed.
The last result motivates the following definition: a formation F is arboreous if the Cayley graph Γ( F F ) of every finitely generated free pro-F-group is tree-like; this is the straightforward analogue in the context of formations of a notion introduced for varieties in [4] . Then F is arboreous if and only if for every finitely generated free group F , the product HK of any two finitely generated, F-extendible subgroups H and K of F is closed in F with respect to the pro-F-topology.
3.2. The Ribes-Zalesskiȋ-Theorem. Now we show that for an arboreous formation F even a stronger separability conditon holds: the product H 1 · · · H n of an arbitrary number n of F-extendible subgroups H 1 , . . . , H n of F is pro-F-closed. We start with some preliminary statements for which we assume that G is an A-generated profinite group whose Cayley graph Γ(G) is tree-like. In [4, Theorem 3.7.] the following has been proved (put γ i := π 1 · · · π i in order to translate the result into the following form): Proposition 3.5. Let n ≥ 3 and γ 0 = 1, γ 1 , . . . , γ n ∈ G be such that for every k ∈ {2, . . . , n − 1},
Then γ n = 1. Now we may take any α ∈ G and multiply all elements occurring in Proposition 3.5 by α; that is, setting α i := αγ i then the hypothesis of Proposition 3.5 is fulfilled in the sense that for all k ∈ {2, . . . , n − 1}
Proposition 3.5 then implies that α 0 = α n . If one looks at the proof of Theorem 3.7 in [4] then one will observe that it is entirely graph theoretic and it is not relevant that the involved graph is the Cayley graph of a profinite group. In other words, the given proof is valid for any profinite graph. So we may formulate: Theorem 3.6. Let Γ be a tree-like graph, n ≥ 3 and α 0 , . . . , α n be vertices of Γ such that for all k = 2, . . . , n − 1 the condition
is fulfilled; then α 0 = α n .
An immediate consequence is the following.
Corollary 3.7. Let Γ be a tree-like graph, n ≥ 3 and α 0 , . . . , α n be vertices of Γ such that condition (3.1) is fulfilled. Then
Proof. Suppose that for some i < j we have
and therefore, in case j = i + 1:
, ξ] = ∅ which contradicts Theorem 3.6 for n = 3. For j > i + 1, we see that
which again contradicts Theorem 3.6.
Once more let G be an A-generated profinite group with tree-like Cayley graph Γ(G); note that the abstract subgroup of G generated by A is F . Lemma 3.8. Let n ≥ 2, γ 0 , . . . , γ n ∈ G and suppose that in case n ≥ 3 for all i ∈ {2, . . . , n − 1} condition (3.1) holds. Let w ∈ F , u be a prefix of w, that is w = uv for some v (equality of words) and suppose that u ∈ [γ 0 , γ 1 ] and w ∈ [γ n−1 , γ n ]. Then v admits a factorisation v = v 1 · · · v n such that,
Proof. The situation described in the lemma is depicted in Figure 2 . The
proof is by induction on n. For n = 2 we have u 
as required. Now suppose that n ≥ 3 and the claim be true for n − 1. By assumption,
(again by the Hall property of Γ(G)). Let v 1 be the label of the corresponding geodesic path u → x; then, letting v = v 1 z, z labels the geodesic path x → w which runs entirely in ∆ since x, w ∈ ∆ implies [x, w] ⊆ ∆. By the induction hypothesis, z admits a factorization z = v 2 · · · v n such that setting z 0 := u, z 1 := x = uv 1 and
We have thus all prerequisites we need for a proof of the Ribes-Zalesskiȋ-Theorem for the pro-F-topology of a free group where F is arboreous.
Theorem 3.9. Let F be an arboreous formation, n ≥ 2 and H 1 , . . . , H n ≤ F be finitely generated F-extendible groups. Then the product H 1 · · · H n is pro-F-closed in F . Remark 1. Since an arboreous formation is a fortiori Hall, being pro-Fclosed and being F-extendible are equivalent for a finitely generated subgroup of F . Hence the formulation above is equivalent to the more familiar one: the product H 1 · · · H n is pro-F-closed for pro-F-closed subgroups H 1 , . . . , H n of F .
Proof.
We proceed by induction on n with induction base n = 2 being true by Proposition 3.2. Let n > 2 and suppose that the claim be true for n ′ < n. So let H 1 , . . . , H n ≤ F be F-extendible. By the induction hypothesis, for each i ∈ {1, . . . , n} and w ∈ F the set H 1 · · · H i−1 wH i+1 · · · H n is pro-Fclosed. Indeed, as mentioned above, being F-extendible is equivalent to being pro-F-closed which is a purely topological property and hence preserved by homeomorphisms of F . From the fact that the conjugation x → wxw −1 is a homeomorphism it follows that each group w H k = wH k w −1 is Fextendible and hence, by induction hypothesis the set
is pro-F-closed. Since right translation x → xw is also a homeomorphism the claim follows. Now take a sequence (w k ) k∈N with w k ∈ H 1 · · · H n such that lim w k = w ∈ F . We need to show that w ∈ H 1 · · · H n . Each w k can be written as
with h ik ∈ H i for all i and k and equality holds in F (the product on the right hand side need not be reduced). We may assume (by going to a subsequence) that each of the sequences (h ik ) k∈N converges in F F . So, let η i = lim k→∞ h ik for i = 1, . . . , n. In addition, we may assume that for all i < j, η i · · · η j−1 = 1 since otherwise we could replace each w k with
by the induction hypothesis. Setting γ 0 := 1 and γ i = η 1 · · · η i for i = 1, . . . , n then the elements γ i are pairwise distinct. We distinguish two cases (1) there exists i ∈ {2, . . . , n − 1} such that
for all i ∈ {2, . . . , n − 1},
Denote by H 1 , . . . , H n the core-graphs of H 1 , . . . , H n with base points b 1 , . . . , b n , completions H 1 , . . . , H n and transition groups T 1 , . . . , T n ∈ F, respectively. In case (1), let i ∈ {2, . . . , n − 1} be such that there exists
Take an A-generated group G 0 ∈ F such that G 0 ։ T i for all i and such that all elements
and denote the canonical morphism F F ։ G m by ϕ m . We may assume, by considering an appropriate subsequence (w km ) of (w k ), that
Choose m ∈ N and consider the image of
under ϕ m (that is, within the graph Γ(G m )) and set
We choose words e m , f m such that e m labels a path p m :
The situation is depicted in Figure 3 . 
It follows that lim
Now observe that, for each m, the canonical projection g i−2 H By the induction hypothesis,
Finally, let us look once more at the word e m f m for some fixed m, say m = 0. We know that e 0 f 0 labels a path
։ H i that path is mapped to a closed path at base point b i . Consequently, e 0 f 0 ∈ H i . Since, by construction, ee
thus w ∈ H 1 · · · H n , as required. Now consider case (2). We have γ 0 = 1 and γ n = w. By Lemma 3.8,
let s i be a word labelling a path z i ϕ → γ i ϕ running inside [z i , γ i ]ϕ, and set s 0 = 1 = s n . Then: for each i = 1, . . . , n the word s
Similarly as argued earlier, the canonical projection (γ i−1 ϕ)H G i ։ H i maps γ i−1 ϕ as well as γ i ϕ to the base point b i , whence s
Constructing groups with tree-like Cayley graph
We present a method to construct inverse sequences G 0 և G 1 և G 2 և · · · for which the group G = lim ← − G n has a tree-like Cayley graph. Suppose that G is an A-generated profinite group whose Cayley graph admits a constellation (Ξ, γ, Θ). Then there exists a finite quotient G with canonical morphism ϕ : G ։ G such that (Ξϕ, γϕ, Θϕ) is a constellation in Γ(G). Now we come to a crucial definition. Let (X, g, T ) be a constellation in the Cayley graph Γ(G) of the finite A-generated group G; let H be another A-generated group such that H ։ G. Then H dissolves the constellation (X, g, T ) if, for all pairs of words (u, v) such that u labels a path 1 → g running in X and v labels a path 1 → g running in T , the inequality [u] H = [v] H holds. If H dissolves the constellation (X, g, T ) of G then, in particular, there does not exist a constellation (Y, h, Z) of H for which (X, g, T ) = (Y ϕ, hϕ, Zϕ) for the canonical morphism ϕ : H ։ G. Moreover, each A-generated group K for which K ։ H then also dissolves the constellation (X, g, T ) of G. This, together with the earlier discussion implies that Γ(G) is tree-like provided that for each finite quotient G of G and each constellation (X, g, T ) of G there exists another quotient H of G which dissolves the constellation (X, g, T ). Now, every finite group can have at most finitely many constellations (X, g, T ). If, for every such (X, g, T ) we have a group H (X,g,T ) which dissolves (X, g, T ) then, taking the A-generated subdirect product H of all such H (X,g,T ) , we get a group which dissolves all constellations of G. Thus, we have already proved the 'if'-direction of the next result.
Proposition 4.1. The Cayley graph Γ(G) of an A-generated profinite group G is tree-like if and only if, for each finite quotient G of G there exists a finite quotient H of G which dissolves all constellations of G.
Proof. We only have to prove the 'only if'-direction. Suppose that G does not fulfill the condition stated in the proposition. Then there exists a finite quotient G of G such that for every H with G ։ H ։ G there exists a constellation (X, g, T ) of G which is not dissolved by H. Let G =: G 0 և G 1 և G 2 և · · · be an inverse system of quotients of G such that lim ← − G n = G. For every n there exists a constellation (X n , g n , T n ) of G which is not dissolved by G n . Since G has only finitely many constellations we may assume that the constellations (X n , g n , T n ) all coincide with a fixed one, say (X, g, T ). By definition, for each n, there exist words u n and v n such that [u n ] Gn = [v n ] Gn , u n labels a path 1 → g inside X and v n labels a path 1 → g inside T . We may assume (by going to subsequences) that both sequences ([u n ] G ) and ([v n ] G ) converge, in which case they have the same limit, say γ := lim [u n ] G = lim [v n ] G . Now consider the covering graphs X G and T G (both with respect to the base point 1). Both graphs are connected subgraphs of Γ(G) and both contain γ and 1. Since the canonical mapping Γ(G) ։ Γ(G) maps X G to X, T G to T , γ to g and 1 to 1 it follows that (X G , γ, T G ) is a constellation in Γ(G) whence Γ(G) is not tree-like.
We continue by a technical lemma saying that in Proposition 4.1 it is not necessary to consider all finite quotients of G but rather a co-final set. We need some further preparations.
Lemma 4.3. Let S be a finite, simple group and F for(S) (a, b) be the 2-generator free object in the formation for(S) generated by S. Then a m b n = 1 only if a m = 1 = b n .
Proof. If S = C p for some prime p this is clear since F for (S)(a, b) is the (additive group of) the F p -vector space with basis {a, b}. So assume that S is non-abelian and let x ∈ a ∩ b . Then x commutes with a as well as with b and hence belongs to the center of F for(S) (a, b) since a and b generate F for(S) (a, b). However, since F for(S) (a, b) is a direct power of S this group is centerless, so x = 1 and a ∩ b = {1}.
For a finitely generated free group R and a finite simple group S let R(S) be the intersection of all normal subgroups N of R for which R/N is a direct power of S. Then R(S) is a characteristic subgroup of R and R/R(S) is the r-generator free object in the formation for(S) generated by S where r is the rank of R. In case S = C p for a prime p we have R(S) = R(C p ) = R p [R, R]. If w 1 , . . . , w r form a basis of R then w 1 R(S), . . . , w r R(S) form a collection of free generators of R/R(S).
Let G be an A-generated finite group, ϕ : F → G be the canonical morphism and R = ker(ϕ). We define G A,S := F/R(S) and call this group the A-universal S-extension of G. For S = C p this is a classical construction by Gaschütz, see [8, Appendix β] and [6] . Note that G A,S is an A-generated extension of R/R(S) by G and R/R(S) is the r-generator free object in the formation generated by S where r = |G|(|A| − 1) + 1; G A,S depends on S and A and enjoys the following universal property: if H is any A-generated extension of a member of for(S) by G then
So we are interested, given a finite A-generated group G, to find a group H ։ G which dissolves all constellations of G. Since our ultimate goal is to give a sufficient condition for F F to be tree-like with respect to a free generating set A, in view of Lemma 4.2, it is no harm if we impose a few mild restrictions. Since the cyclic and pro-cyclic case is already clear (every infinite pro-cyclic group has a tree-like Cayley graph [4] ) we generally assume that |A| ≥ 2. Since, among the finite quotients of F F the relatively free ones form a co-final subset we shall assume that
Lemma 4.4. Let G be an A-generated finite group subject to (4.1) and let e, f be arbitrary geometric edges in the Cayley graph Γ(G); then the graph Γ(G) \ {e, f } is connected.
Proof. The claim is true if G is generated by two elements each of order 2 (that is, G is a dihedral group). So we may assume that |A| ≥ 3 or |A| = 2 and at least one generator has order greater than 2. Let Γ • be the undirected graph formed from the positive edges of Γ(G) by ignoring the orientation of these edges. Moreover, from each pair edges g = g ′ coming from a generator of order 2 (that is, ιg = τ g ′ and ιg ′ = τ g) remove one in order to get a graph rather than a multi-graph. The graph Γ • is vertex transitive with degree at least 3. It follows that the edge connectivity of Γ • is also at least 3 [9, Lemma 3.3.3] . That is, we may remove any two edges from Γ • and retain a connected graph. It follows that Γ(G) \ {e, f } is also connected.
We are now able to prove the main result of this section. For S = C p for some prime p this result is known [4] . Theorem 4.5. Let G be an A-generated finite group subject to the assumption (4.1) and let S be a finite simple group. Then G A,S dissolves all constellations of G.
Proof. Let (X, g, T ) be a constellation of G and u, v ∈ F be words such that [u] G = g = [v] G and u labels a path 1 → g inside X, v labels a path 1 → g inside T . We need to show that [u 
The group G A,S is an extension of R/R(S) where R is a free group of rank r = |G|(|A|−1)+1 and R/R(S) is free of rank r in the formation for(S) generated by S. From [uv −1 ] G = 1 it follows that uv −1 ∈ R; moreover R is a finitely generated subgroup of F with core-graph R = Γ(G) with base point 1. We actually need to show that [uv −1 ] R/R(S) = 1.
We know how to construct a basis of R: for every spanning tree Υ of Γ(G) there exists a basis B Υ whose elements are in bijective correspondence to the positive edges of Γ(G) \ Υ. We are going to select a tree which is suitable for our purpose. We shall argue in the same way as in [3, 5] . For a path π in Γ(G) and a positive edge e denote by π(e) the number of signed traversals of e by π (that is, if π traverses e in the forward direction this counts +1, in the backward direction −1).
Let Z be the connected X ∩ T -component containing 1 and let D be the set of all positive edges in X with initial vertex in Z and terminal vertex not in Z; likewise, let C be the set of positive edges of X with initial vertex not in Z and terminal vertex in Z. As in [3] , D ∪ C = ∅ and the edges of D ∪ C form a border that must be traversed by any path π : 1 → g inside X one times more often in the forward direction than in the backward direction. That is, for any such path π, The situation is depicted in Figure 4 .
• From the definition it is immediately clear that (D ∪ C) ∩ (D ′ ∪ C ′ ) = ∅. Now let o be the order of a free generating element of F for(S) (a, b), the 2-generator free object in for(S), and let u and v be the paths 1 → g in X and T , labelled u and v, respectively. By (4.2, 4.3) there exist e ∈ D ∪ C and f ∈ D ′ ∪ C ′ such that u(e) and v(f ) both are not divisible by o, and e = f since (D ∪ C) ∩ (D ′ ∪ C ′ ) = ∅. By Lemma 4.4 the graph Γ(G) \ {e, f } is connected, so we my choose a spanning tree Υ of Γ(G) which does not contain e and f . For a positive edge h ∈ Γ(G) \ Υ let h be the label of the reduced path obtained by running inside Υ from 1 to ιh, traversing h (in the forward direction) and then running back from τ h to 1 inside Υ. The basis B Υ then consists of all h, h a positive edge in Γ(G) \ Υ. The label of every closed path at 1 in Γ(G) can be expressed uniquely as a reduced product of elements of B Υ ∪ B −1 Υ . For a given closed path π = e 1 e 2 . . . e k we know how to express its label as such a product: simply replace each positive edge e i by e i provided e i / ∈ Υ and by 1 if e i ∈ Υ; in case e i is a For a prime p, there is the notion of pro-p-tree which is homologically defined [21, 15] . From [2, Theorem 3.9], see also [4, Theorem 9.6], one gets that Γ(G) is a pro-p-tree if and only if G ։ G A,Cp i for every i. We are motivated to call a formation F locally extensible if for every Agenerated member G of F there exists a simple group S such that G A,S also belongs to F. This seems to be the adequate analogue for formations of a notion introduced for varieties in [4] . All formations closed under taking normal subgroups and extensions (called N E-formations in [16] ) are locally extensible, but the converse is not true.
Corollary 4.7. Every locally extensible formation F is arboreous and therefore Hall.
The author is not aware of an example of a Hall formation which is not arboreous nor of an arboreous formation which is not locally extensible. Finally, let us consider an example. For a simple non-abelian group S (and |A| ≥ 2) let R 1 := F (S) and R n = R n−1 (S) for n > 1. Let S be the formation consisting of all finite groups all of whose composition factors are isomorphic with S. Then F S = lim ← − F/R n . By Corollary 4.6, the Cayley graph Γ( F S ) is tree-like and S is arboreous. However, F S is perfect. Let a ∈ A; then the closed normal subgroup of F S generated by A \ {a} is the whole group F S since otherwise it would have a non-trivial abelian quotient. It follows that the answer to Problem 7.8 in [4] is "No", so Problem 7.7 (in the same paper) cannot be attacked by the approach proposed there.
